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Saagarue 9

JluHeiiHble ypaBHEeHHIS N-TO MOPAIKA C
IIOCTOAHHBIMEI Ko3d purinenrtaMu. JInHeliHbie

ypaBHeHUd Jdiijiepa.

PaccmoTpum cHavasa oJIHOPOIHOE JTUHEHHOE ypaBHEHHE N-0r0 MOPSJIKa ¢

MOCTOSHHBIME KO3 pUIneHTaMu
Lyl = y™ + a1y + a9y 2 + .+ ap_1y’ + any = 0. (9.1)

Kak MbI y2Ke oTMevasn paHee, MHOYKECTBO PeIIeHIH OHOPOJHOTO JHHEITHOTO
YyPaBHEHUs HE MyCTO (OJHOPOHOE yPABHEHUE UMEET TPUBHUATIHHOE DEIICHHE
y = 0) u obpasyer suHeiiHOE MHOTOOOpasne (To ecTh JuHeiiHAS KOMOUHAIMST

perenuii ypaprenusi (9.1) Takxke siBIsieTCst PEIIEHUEM 9TOMO YDABHEHUS ).

NsBectHo, uTo ypasHenue (9.1) numeer n JUHEHHO HE3ABUCHMBIX DEIICHUIT

yl(x)v y2($)7 AN yn(CU), (92)

u Jjiioboe pererne ypapaenus (9.1) MoxKeT ObITH MPEJCTABICHO B BUJIE JIU-

HeHHON KOMOMHAIINN 9TUX PeIleHnii:

y(@) = Crynla). (9.3)
k=1

Jpyrumu cjaoBaMu, perenust OgHOPOSHOTO JIMHEHHOTO ypaBHEHUSI N-0T0 T0-
psiiKa 00pa3yloT JUHEHOe BEKTOPHOE IIPOCTPAHCTBO, Pa3MEPHOCTH KOTOPOI'O
paBHa TOpsJIKy ypaBHenus. Jlwobas cucrema dynknumii (9.2), obpasyoras
6a3mUc 3TOro MPOCTPAHCTBA, HA3BIBAETCS (hyHIaMEHMAALHOT cucmemots pe-

wenut (PCP). @opmyiia (9.3) paer obiiee pemenue ypastenust (9.1).
Hama 6mmkaitias meab — nayantbesa naxomutb @CP ypasrenuns (9.1).

Kak Mbl mOMHHM, OJIHOPOJHOE JIMHEHiHOe ypaBHEHHE IMEePBOTO IOPAIKA
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y' = ky umeer pemenve y = e Tlonpobyem HailTu 4acTHOE perieHne ypas-
nenua (9.1) suma y = €. [ojcrasias sty dbynknuio B ypasuenne (9.1), u
nens ero Ha e # 0, MBI YBUIUM, 9TO 3HAYCHHE A\ JIOKHO OBITh KOPHEM

aareOpandecKoro ypaBHeHusI
N A A"+ a2+ ap AN+ a, =0 (9.4)

Muorounen LI\ = N +ai A" +as\" 2+ ... +a,,_1 A\ +a, HaszbiBaeTcs wapak-
MEPUCTNUNECKUM MHO20%AEHOM, & YpaBHEHUE (9.4) — zapakmepucmuueckum

ypasnenuem jiisi ypasuenus (9.1).

B kommiekcHoit mockoctu ypasuenue (9.4) nmeer n KopHeii (¢ yaeTom nx
KparTHocTH ). 3Hast 911 KopHH, MOXKHO noctrpouth @CP ypasuenus (9.1). Ta-
KM 0bpas3oMm, 3ajada perienust guddepenipaibioro ypastaenns (9.1) cso-
JMTCs K asrebpanveckoil 3ajiade perenns ypasaenus (9.4). Hanomunwm, kak

9TO JIeJIAeTCsl.

[Tycrs ypashenue (9.4) umeer k pasimdHbIX BEIECTBEHHBIX KOPHEH Aq,
A2, ..., Ap. DTO jaer Ham k gacTHBIX permenmuii ypaprenus (9.1): eMT ete?
e)\kz

. . DTH pelleHus JUHEeRHO He3aBUCUMBI, CJIeJIoBaTe/IbHO, eciid k = n,

to ®CP nocrpoena.

[Iycts ypasuenue (9.4) nmeer KoMmuiekcHbiil kopenb A = a + i (3. lo-
CKONIbKY KO3(bduimentsl ypasaenns (9.4) BEIECTBEHHBI, TO KOMILIEKCHO-
COTIPSYKEHHOEe YHCJIO A = o — % /3 TaK:Ke SABJIACTCA KOPHEM STOrO ypaBHe-
HUsI. DTa Mapa KOPHeH JlaeT HaM JIBa, BEIIEeCTBEHHBIX pernenus € cos fr u

e sin fx.

EcJsin BemecTBeHHbIE KOPEHb Ay UMeeT KpaTHOCTb m > 1, TO eMy cooT-

)\ox

BETCTBYET Cepusd U3 1 JMHEHHO HEe3aBUCHUMbLIX perieHuii e, x - e/\ox,

xm—le)\ox.

Haxkowerr, napa KOMILJIEKCHO COPsI>KEHHBIX KOpHE A = a4  KpaTHOCTH
m > 1 jgaer cepuio u3 2m JIMHEHHO HE3aBUCUMbBIX PeIeHuit

m—leax

e* cos Br, x-e*cosfr, .., x cos B,

e sin fx, x - e sin P, ..., ™ e sin fu.



Sangrue 9

OCP, nmocTpoeHHYIO 10 W3JI0XKEHHBIM BBIIIE TIpaBUiaM, Mbl OyJeM Ha3bl-

BaTh KJaccuueckoit. PaccMorpum rnipumepsi:

Hudd. ypaBuenne

XapakTepucTud. ypap-

HEHUEC U €ro KOpHHu

Obiriee pertenne

y"+y' —2y=0 N+XN—2=0; Cie” + Che™2
AM=1 ) =-2
y"—2y"'=0 A2 —2)\ = 0; Cre¥ + Cy
M =2 =0
y" +2y" —3y"'=0 A3 4202 — 3\ = 0; C1 + Cye® + Cze3"
A =0, A =1,
A3 = —3
y" — 4y’ + 5y =0 A2 — 4N+ 5 = 0; Cre* cosx + Coe* sinx
Ao =2+
y"+4y =0 N+ 4 =0 C1 cos 2z + Co sin 2x
Ao = +2i
yV —y =0 M —1=0; Cre’ + Cae™ +
Mo =1, g4 =+ + C5cosx + Cysinx
YT 4+ 64y =0 N+ 64 =0; Cicos2x + (Csysin2x  +
A2 = £21, 036\/§x cosx + 046\/§x sinx +
Aga = V341, Cg,e*\/gx cos T + C'Ge*\/gf” sin
A3a=—V3+i
yV 2y 4y =0 MAE2X2 41 =0; Chcosz + Cosinx +
A2 = %1, + Csxcosx + Cyrsinx
)\3’4 =41
y" —3y"+3y'—y=0 (A—1)>=0; Cie® + Chze® 4+ Cyz?e”
Aoz =1

Kpowme kiraccuaeckoit OCP B HeKOTOPHIX Ciiydasix yao0Hee NCoib30BaTh

npyrue O@CP. K onumcanuio ojHo# 3 HUX MBI ceiigac U mepeigem.
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HomycTnM, 9T0 MBI HaIlJTH BCe KOPHU XapaKTEePUCTUIECKOTO YPaBHEHUS
U KakKuM-HUOYJIb 00pa3oM 3aHyMepoBaJu UX: Ay, A9, ... , A,. Eciu KopeHb
KPaTHBIN, TO OH BBIIKUCAH B 9TOH 1OCJIE/I0BATEILHOCTU CTOJILKO Pa3, KaKOBa
ero KpaTHOCTh. TakuM 0Opa30M, KOJUUIECTBO UUCET B MOCJIEI0BATETHLHOCTH

PaBHO MOPAJKY YPaBHEHUS.

[Tocrponm Habop dyukumit Yy (x). Oyuriwo ¥1(x) onpegesnM Kak pe-

menne sagaan Komm ¢ = A9y, ¢¥1(0) = 1, 0 ectn ¢ () = eM?,

Dyukiuio Yo () onpejennm kak perenue 3aaun Ko 1y = \othy 11,
Y9(0) = 0. [lockosbKy 19(x) siBISIETCST PEIIEHHeM HEOJHOPOIHOTO ypaBHe-

HUs, HailJleM ee MeTOJOM BapHaluy mocTognnoit: s(x) = C(x) - e, tie
X

C'(z) = e %y (z) m C(0) = 0. Takuwm obpasom, C(z) = /6_)\2T77D1<7’)d’7' u
0

T

ba(w) = [y (r)dr.

0
Bamerum, ato 1 5(0) = 1.

Eciu dbyuknus ¢y (x) yxe nocrpoena, 1o GyHKIWIO Vg1 (x) onpegennm
Kak pertenue sagaqn Komn ¢ = M1k + ¥r, Yrg1(0) = 0. Oynxnus

Yr41(x) MOXKeT OBITH 3a/IaHa WHTEIPATOM

X

Ypaa() = [Ty (r)dr.

0

Bamerny, uro ¢y11(0) =0, ¢ }.1(0) =0, ..., ¥F ,(0) = 1.

Eciin Ay = Ay = ... = A\, TO €CcTb KOPEHb UMEEeT KPATHOCTH k, TO

P1(x) = eNT ahy(z) = 2eM®, ahs(z) = %eAlx, e Up(x) = = 1)!(3“”.

Kak BujiuM, B cjlydae KpaTHOI'O KOpPHs HOBble Oa3ucCHbIe PelieHus OT/inya-

I0TCA OT KJIaCCUYICCKHUX TOJIBKO YMCJIOBBIMU MHOXKUTEJIAMUA.

[Tpuseem dopmyiibt st ¥1(x), (), P3(x) B caiyuae A\p # Ag # Ag.
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N 6)\1:13 _ 6/\2:E
Ui (z) = eM, Vo) = s
€>\1$ e>\2:r 6)‘393
¢3($) - ()\1 _ )\2)0\1 _ )\3) + +

(A2 = A)(A2 = Az) (A3 = A)(Az — Az)

U3 srux dopmyst BujiHO, 9T0 DyHKIW 3(T) 3aBUCHT OT TAPAMETPOB A1, A,
A3 CHUMMETPUYIHO, TO €CTh COBEPIIEHHO HE BaXKHO, B KaKOM II0CJIeI0BATE b

HOCTH MBI HyME€pOBaJI KOPHH.

DOCP, cocrosmyto uz dyukiwit Vi (z), k=1, ...,n, 6yJ1em Ha3bIBaTDH CIie-

[IAAJBHOM.
Kaxkue npeumyiectsa umeer crenuaibias PCP? Paccmorpum npumep.

ITpumep 1. [IycTh xapakTepucTrnieckoe ypaBHEHNME UMEET KOPHU A\ = €,

Ao = —¢, A34 = 0. Torna knaccuueckasa @PCP cocrout us dbynkuuii e, e,

1 u z, a cnenuayibHasg — U3 PYHKIINM

X
cher —1 shex —ex
0

Ha nepsbiit B3m1s1)1 Kaxkercst, aro Kiaccudeckas OCP cyrecTrBeHHO T1PO-
e, ¥ CJIe0BaTe/IbHO, UMeeT npenMyinecTBo nepe crenraabuoit @CP. O -
Hako, eciu € — 0, To kyaccudeckasst PCP BbIpoxkiaeTcss — mepecraer ObITh
OasucoMm B mpocrpancTse periennit. A creruanbaas OCP jerko crnpasisier-
cd ¢ 9Toi mpobsemoii u npespariaercd B @CP 1 ypaBHEHUS ¢ KPATHBIM

kopueMm A = 0 kparHocTu 4:

3

lmei (o) =1, lmn(e) e, lmeg@) =%, lmege) = L

e—0 e—0 e—0 e—0

DTOT NpUMeEp WJLIIOCTPUPYET BaXKHOE CBONCTBO, KOTOPHIM 00JI1a/1aeT CIie-

ruajbHasgs OCP: eciin KoadDunmenTsl XapaKTepUCTUIECKOI0 MHOTOUJICHA, 3a-
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BHUCSIT OT THapaMerpa, To cruernuajgbHas OCP ocraeTcsa TakoBoit mpu Hempe-

PBIBHOM M3MEHEHUHU 3TOro mnapamMerpa. [l

PaccMoTpuM ofHOpOIHOE JTHHEHOe ypaBHenue Jitiepa n-0ro IopsIKa
"y + a "y 4 b a,zy +ay =0 (9.5)

Kax MbI 3HaeM, B obsact ¢ > 0 3aMena ¢ = e! IpUBOANT €ro K ypaBHEHHIO,
B KOTOpOE He3aBHCHMas IepeMeHHasd ¢ He BXOJUT B IBHOM BHUJe. B nHamem
caydae 3To OyHeT JIMHeiiHOoe OJIHOPOJIHOe ypaBHEHUE C MOCTOSIHHBIMHU KO3(-
bunentamu. OHO, KAK U3BECTHO, MMEET YACTHDBIE DELICHHs BUja Y = €.
[Tosromy wacrHbie perienusi ypasaenus (9.5) cpasdy cijeiyer uckaTh B BU-

A

ney = 2 (z > 0). lopcrasnas Gynximuio y = 2 B ypasuenne (9.5), Mbi

YBUJIUM, 4TO IAPAMETD A JIOJIZKEH ObITh KOPHEM aJreGpaniecKoro ypaBHeH st
AMA=1)..A=n=-1)+..4+a, 2 (A=1)+a, 1A +a,=0 (9.6)

[Tocsie npuBeiennst MOJOOHBIX CJAATAEMBIX OHO MPUMET BHU/I
AN L b A+ b, = 0. (9.7)

Takum o6paszom, 3amena x = e’ npuojur ypasuenue Ditiepa (9.5) K Jiu-
HElHOMY OJIHOPOJIHOMY YPaBHEHWIO C MOCTOSHHLIMU KO3 puImenTaMu, Jjist

KOTOpOTo (9.7) ABIAETCS XaPAKTEPUCTHICCKIM yPABHEHWEM.

Buast kopuu ypastenus (9.7), moxkuo nocrponts ®CP coorsercrBytolie-
ro juddepeHImajibLHOr0 ypaBHeH!s, U 3aTeM obpaTHOi 3aMeHoit ¢ = Inx

nosiyanTh u3 Hee DCP ncxonnoro ypasnenus Jiiyiepa.
IIpumep 2. Penuts ypasuenne z2y” — 4xy’ + 6y = 0.

Uiem qacrable pertennst sujia . Torna A J10/2KHO yI0BIETBOPSTD YPas-

nennio A(X — 1) =4\ +6 = 0, um A2 — 5\ + 6 = 0.

Kopnu 3roro ypashenusi Ay = 2 u Ay = 3, caegoparenbuo, DCP cocrour
n3 bynkmit 22 n 3. Obmiee perenne ypasuenns Ditnepa y = Cha? + Coz.

Bamerum, uTo 3Ta popmysaa padboraer u npu r < 0. [
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3, M

IIpumep 3. Peuurs ypasuenue x°y"” + xy’ —y = 0.

Xapaktepucruieckoe ypapaerue A(A—1)(A—2)+A—1 = 0 packyaibiBa-

ercs na Muoxkuren (A—1)(A%2—2X+1) = 0 u copaunsaercs B (A—1)% = 0.

OCP coorBercTByOIIero emy jauddepeHnualbHOro ypaBHeHUsT COCTOUT
n3 Gynxnmit y1 = ef, yo = te! u y3 = t?e’. Boimosuus obpaTHyO 3aMeny
t = In x, nosydaem obiee perenue ypapienusi dityiepa y = Crx+Choxln x4+

Csz(Inz)?, (z > 0).
IIpu x < 0 gocTaTovHO 3aMEHHUTDH IOJ, 3HAKOM Jiorapudma x Ha —zx. [
IIpumep 4. Pemmuts ypasnenne 22y” + xy’ +vy = 0.

Xapakrepuctuieckoe ypapaerue A(A — 1) + A + 1 = 0 npeobpasyercst
B A2+ 1 = 0. Ero xopun A2 = =i. Coorsercrenno, PCP umeer Bun

Y1 = cost, Yo = sint.

BrinmostauB 00paTHyo 3aMeny t = Inx, mosydaem obiiee pernieHue ypas-

nenns Ditnepa y = Cy cos(lnz) + Cysin(lnz), (x > 0). O

CamocTogTenbHas padboTa

Haittu obiiee perienrie ypaBHeHUs.
1.y +8y™ + 16y’ = 0.
2. yV —6y!V +9y”" = 0.

3.y" —by"+ 12y’ — 8y = 0.

Ykazanue: A = 1 — KOpeHb XapaKTepUCTUIECKOIO YpaBHEHMUSI.
4. yV 4+ 16y = 0.
5. 9V +4y” +6y" +y' +y=0.
6. 2%y — 2y’ = 0.

7. 2%y +xy’ + 4y = 0.
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Jomaimasgsa padoTta

B somaiuioo pabory BxousT 3agauu u3 ()
NeNe 520, 525, 528, 532, 590, 600.

(*) @ununmos A. ©. CoopruK 3a1a4 10 1uddepeHInagbHbIM yPaBHEHN-
siM: YaebHoe 1ocodue jiisi By3oB. — 6-e uzj., crep. — M.: Hayka. 1985. —
128 c1p.
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Heonnopoanble JuHeliHble ypaBHEHIs N-TO
IOPSIAKA C IIOCTOSIHHBIMU KO3 puiimeHTaMu.

CrenuajabHas mpaBad 9acThb.

PaccMoTpum HEOJIHOPOJIHOE JIMHEHOE ypaBHEHUE C IHOCTOSHHBIMU KO-

durmenTamu
v+ ay™ Y Fagy" P + a1y + any = f(2) (10.1)

Kak Mbl yke orMedaJsiv, pa3HoCTh JIBYX PEHIeHU 3TOr0 ypaBHEHUS SABJIAETCs
perieHrueM OJIHOPOIHOTrO ypaBHeHusi. OTCro/ia cpa3y Ke cjejyer, 9To obIee

perenne Y o q () ypasuernst (10.1) MokeT OBITH MPEICTABICHO B BHIE

You(T) =Yoo (x) + Yun(z),

TJIE Y 0.0.() — 00IIEE perieHne OHOPOTHOTO YPABHEHMUSI, Y «.q. () — dacTHOE

perienne HeOJJHOPOAHOTO YPaBHEHN .

Ha upejbijyiiemM 3aHsaTUU Mbl yKe Hay4dWJIMCh HAXOJUTh 0DIlee pere-
HUE OJHOPOJIHOTO YPaBHEHUST C MTOCTOsTHHBIMI KO3 dunmentamu. Ceiiaac Mbl
PacCMOTPUM METOJI, MO3BOJAIONINN TaK 2Ke JIETKO CTPOUTH YaCTHOE PEHICHUE

HEOJIHOPOJHOTO YpaBHEHUS CO CHENMAJbHONI MpaBoil 4acThIO.

H&HOMHI/IM, 9TO MbI Ha3bIBaJI1 cneuuaﬂbnoﬁ I[IpaBYO 9aCTb BHU/ad

rie P, (r) — MHOrOWIeH crenenu m, a A — MPOU3BOJIBHOE THUCJIO (BO3MOXK-
HO, KOMILJIEKCHOE). B 9TOM citydae qacTHOE pelieHne MOKHO HAfTH METO/I0M
HeomnpeieaeHnbx Koaddumuentos. Ono umeer sug y(x) = o - Qu () - 7,
rie @, () — MHOrOWIEH creneHn M, Ko3hDMUIUEHTH KOTOPOrO HaM U TIPE/T-

CTOUT OLIpENECJINTD.
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Ecmu A He gBIdeTcsd KOpHEM XapaKTEPUCTUUIECKOTO MHOTOYJIEHA, TO
p = 0. Ecjin xke A siBjisieTcst KOpHEM XapaKTepUCTUIECKOI'0 MHOI'OUYJIEHa, KPaT-

HOCTH S, TO P = S.
ITpumep 1. Haiiru obuiee pemenne ypasuenust y” +y” = f(x).

XapakTepucruueckoe ypasaenne A3 4+ A2 = 0 mMmeer KopHH Mg = 0,

A3 = —1, cieioBaresibHO, Y o0 = C1 + Cox + Cse™".

Haiijiem qacTHble pelieHus: Mpyu pasindHbIX MPaBbix Jactax f(x).

a) f(x) = €**. TlokazaTesb 9KCIOHEHTBl A = 2 He sIBJseTcs KOPHEM Xa-
PaKTEPUCTHICCKOTO MHOTOWIEHA, TI09TOMY HEOJHOPOHOE YPABHEHUE UMEET
YacTHOE pelleHne BUJA Y ¢ = Ae?’. Tlogcrapisas a1y (GyHKINIO B ypaBHe-

HUe 1 cokpamias Ha e noayuum A = 1/12.

6) f(x) = 2. Tlokazaresb SKCIOHEHTHI A = 1 He sIBJIfeTcs KOpHeM Xa-
PAKTEPUCTHIECKOIO MHOIOUWJIEHA, [OITOMY HEOJHOPOJIHOE yDABHEHHUE HMEET

JaCTHOE PeleHune BUa
Yun = (Ax*> + Bz + O)e”.

[TojicraBiisist 3ty DyHKIUMIO B ypaBHeHue, BOCHoJib3yeMcest (popmydsioit JIeid-

Huna juddepeHImpoBatus MPOU3BeIeHUs
n
k=0

[Tonygaem:

(A2 + Bz + C) - e* + 3(2Az + B) - €* + 3(2A4) - " + 0 - "+
+(Az? + Bx + C) - €* + 2(2Ax + B) - € + (2A) - €¥ = z°%¢”
Cokparniast Ha €* 1 IPUBOJIst OI00HbBIE CJIaraeMble, MOJYINM PABEHCTBO MHO-

I'O4JICHOB

242 + (2B + 10A)x + (2C + 5B + 8A) = 2?,

KOTOPOE BBITIOJIHEHO TOXKJIECTBEHHO, €CJIM PaBHbI X KOI(PMUITMEHTDI TTPU O/11-
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HAKOBBIX CTemeHsx mepemennoit x. Otciona A =1/2, B = —5/2, C = 17/4
il
222 — 10z + 17
Yan = A € .
B) f(z) = e~ *. IlokazaTenb 9KCIMOHEHTHI A = —1 ABJISETCS KOPHEM Xa-

PAKTEPUCTUIECKOIO MHOT'OYJIEHA KPATHOCTH 1, TOITOMY HEOJIHOPOIHOE YPaB-
HEHUE UMEEeT YaCTHOE PeIleHne BUJA Y . = Axe . [logcrasisist a1y HyHK-

X

M0 B ypaBHeHWe M cokparas wa e ¥, Haxogum A = 1. Takum obpasowm,

Yun = T ",

r) f(z) = x. lokazaresnb 9KcroreHTbl A = 0 SBJISETCS KOPHEM XapaKTe-
PUCTHIECKOrO MHOTOWIEHA KPATHOCTH 2, MTO3TOMY HEOHOPOHOE yPaBHEHHe
MMeeT YaCTHOE PelleHne BUA Y . = 22 (Ax+ B) = Ax3+ Ba?. llopcrasnss
o1y yHKIMIO B ypaBHenue, Haxoqum A = 1/6, B = —1/2. Takum obpazom,

_a®—3a?
Yau — T

n) f(x) = 4sin 2. Tak Kak sin 2z — MHUMast 9aCTh SKCIOHEHTHI €24 Mbl
CHaYaJIa HalJIeM KOMIUICKCHO3HAYHOE YaCTHOE DEIICHUE YDABHEHUs! ¢ IPABOi
vacrbio f(x) = 4€**, a zarem BbyleanM ero Muumyio dacth. Ona u Gyjer

NCKOMbBIM Y9aCTHBIM PEIICHUEM.

[Tokazaresib 9KCIOHEHTHI A = 27 He SIBJISIETCS KOPHEM XapaKTepUCTH-
YeCKOr0 MHOTOYJIEHa, TTOITOMY HEOJIHOPOJIHOE YpaBHEHME ¢ TPaBOil 4acThio

f(z) = 4€?* pmeer wacTHOE pemIeHEe BHAR Y «n. = Ae?. [logcrapias sty
—1+2

T Taxum obpazom,

GyHKINIO B ypaBHEeHKE, HAXoauM A =

—14+ 21 o —14+2 ..
Yuan = Tem = T(cos 27 + isin 2x) =

1

5 (2 cos 2z — sin 2x)

= —%(COS 2x + 2sin 2x) +

Urak, ypaBaernue ¢ mpaBoit yactbio f(x) = 4sin 2x uMeeT dacTHOE pereHue
Yuan = 0,2(2cos2x — sin 2x).

3&M€TI/IM7 YTO MbI TaK>K€ HalllJIM 9aCTHOE€ penIicHue



14 Saungarue 10

Yan = —0,2(cos 2z + 2sin 2z),

coorBeTcTByMOITee npaBoii dactu f(x) = 4 cos2zx. [

ObpaTumcst Teneph K HEOIHOPOIHOMY JIMHEHHOMY ypaBHEHNIO Difaepa

1

2"y 4 a2y 4 e, ay’ 4 agy = f(2).

[TonsiTHO, UTO CHENUAIBLHON TPABO YACTBIO CJEAYET CUUTATH (DYHKIMIO BUJIA
f(z)=P,(Inz)-z*, (z>0),

rie P, (t) — MHOrowieH crenenu m.

Nckarh gacTHOE pEIIeHne MEeTOJ0M HeOIpPEeJeJeHHbIX KO3(hDDUINEHTOB,
OJICTABJIAS TIPEJIIOIaraeMoe PelleHne HeloCpeICTBeHHO B ypaBHenne Diiye-
pa, jierko, ecim f(x) = 2 m X He sBJsETCH KOPHEM XapaKTepHUCTHICCKOTO
ypaBHeHns. B mpoTUBHOM cirydae Jiydine nepeiiTn K JUHEHHOMY yPaBHEHUIO
C MOCTOSHHBIME KO3(MD(DUIUEHTAMI, KOTOPOE MOJYyIaeTCs MOCIEe 3aMEHDI I1e-
pemennoit t = In |z|. Tounee, Hac unTepecyer He camo audbepeHnnaibHoe
ypaBHEeHUe, a KOPHU €ro XapakKTepUCTUIeCKOro Muorodsena. Ho stTor Muoro-
YJIEH COBIAJACT ¢ XapaKTEPUCTUYECKMM MHOIOYJICHOM ypaBHeHus: Diljiepa,
I03TOMY 3aMEHY MEePEMEHHOI B YpaBHEHUM HaM BBINOJHATL He NPUJIETCH, a

HY>KHO JIMIIIH TPeo0pPa3oBaTh MPaByio YacTh yPaBHEHUS.

"

IIpumep 2. Pemuts ypasuenne 2%y " +xy’ —y = 2> +2°Inx +rlnx.

XapakTepucruueckoe ypasaenue (A — 1)3 = 0 u obiiee perenue ojiHoO-
POJIHOTO yPaBHEHUs Y o0, = C12+ CoxInz+ Csz(Inz)?, (x > 0), 66111 Hamu
Haiijienbl Ha nporniom 3ausTud (cMm. [Ipumep 3). Ocrasoch HafiTn dacTHOE

perienne HeoJJHOPOAHOTO YPaBHEHN A.

CoryiacHO MPUHIKITY CYTIEPIO3UIAN, OHO SIBJISIETCS CYMMOW YaCTHBIX pe-
menuit, cooTseTcTRyIOMUX npasbiv uactam fi(z) = 2%, fo(r) = 2’Ilnz n

f3(x) =xInzx.

1) fi(z) = 2% Tax kak A\ = 2 He sIBJISIETCSl KOPHEM XapaKTePUCTHIECKOTO
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MHOTOWJICHA, YPaBHEHHE NMeeT JacTHoe perrenne Buma y 1 = Ax?. [Toncras-

a9 3Ty DYHKIMIO B ypaBHenue, noayunm A = 1, 1o ecrb y1 = .

2) Bamena z = e npeobpasyer npasyio uacthb fo(x) = z?lnz K BULY
fo(t) = €?! - t. Tak Kak X = 2 He ABJACTCS KOPHEM XapaKTePUCTHICCKOTO

MHOTOYJICHA, YPaBHEeHe NMeeT YacTHoe pernenne Buja 4 o(t) = e* - (At+ B).

[ojcrasisist a1y dyHkuuio B ypasHenue, nogyunm A = 1, B = —3,
10 ecth yo(t) = e - (t — 3). Bosppalasch K nepeMenHoil x, mojydaem
yolx) =22 (Inz — 3).

3) Bamena z = e' npeobpasyer upasyio uacth f3(x) = zlnx x Bu-
ny f3(t) = e’ -t. Tak kak A = 1 sBjsieTcss KOpHEM XapaKTepUCTHYe-

CKOTO MHOTPOYJICHA KPATHOCTH 3, ypaBHEHME MMEET YaCTHOE pelleHre BUjla
ys3(t) =et - 3(At + B) = e' - (At' + Bt?).

Oirako MbI He Oy/ieM MOJICTaBISATh 9Ty (DYHKIIMIO B ypaBHEHUE, a MPOJIe-
MOHCTPUPYEM CJICJIYIONINI dJIeraHTHBIM IpueM. 3aMeHa IIepeMeHHOl T = el

npeoOpa3oBaJjia ypaBHeHNe Jiljiepa B ypaBHEHUE

Y —3j+3y—y=c¢e" -t

VMHOKUM 0bOe 4acTH ypaBHEHUA Ha e '

e 'Y —3e i+ 3ely —ely =t

SaMerum, 9TO ¢ TMOMOIILIO (opMmyJbl JIeibHUIA JIeBYIO YacTh ypaBHEHUS

MOXKHO MPeJICTaBUTh B BHU/JI€ IIPOU3BOJIHON IIPOU3BEICHUS:

d*(e”'y)

s = t.

_ 4 4
Orcrozia JIerko HafiTH 9acTHOE PereHne: € ty =nny= Eet.

X
Bosepaitasich K nepeMeHHoit x, nojydaeM y 3(x) = 5 Intz. O
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CamocTogTenpHas padoTa

Haiitu obiiee perienrie ypaBHEHUs.
1.y +8y"” + 16y’ = sinxz + = + 16.
2. y" + 4y = e " cos 2x.

3.y" +y' = coszx.

4. yV 44y 4+ 6y" + 4y’ +y = e "

5. x2y/// _ 2y/ — 3.

JlomamntHssgs paboTa

NeNe 537, 541, 543, 593, 595, 597.
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CucreMbl OAHOPOJHBLIX JUHENHBIX YPaBHEHUIA C

IIOCTOSSHHBIMU KO3 puiimeHTaMn.

PaccmoTpum cucrtemMy oJIHOPOTHBIX JUHEHHBIX YpaBHEHM

dy

= Ajj, (11.1)

yi(?)

Yn(t)

sBecrHo, 4ro perenust cucrembl (11.1) obpasytor JiHeiiHOe BEKTOPHOE

rje y = , A — xBajipaTHasT YNCIOBas MATPHUIA OPSIJIKA, 1.

MTPOCTPAHCTBO, PA3MEPHOCTH KOTOPOTO paBHa n. Hara 3amava — mayanThes
CTPOUTDH HA3UC HTOTO MTPOCTPAHCTBA, MOCKOJIBKY, 3Has Oasuc ((byHIaMeHTATb-

HYI0 CHCTEMY DEIeHHil), JIErKO HAUCATH ODIIee PEIeHne CUCTEeMBbI.

Iycrs it (1), ..., " (t) — nekoropelit HAGOD YACTHBIX PEIICHUH CHCTEMb
(11.1). Cocraum matpuiy Y (f), TOMECTHB B €€ CTOJONBI BEKTOP-BYHKITHN

7 (t). Ouesnnno, marpuna Y () yI0OBIETBOPSET MATPHYIHOMY yPABHCHHIO

Y(t) =AY (11.2)

Moxkno mokazaTh, 1To dynkiusa ¢(t) = det Y (t) ynosiaerBopser ogHOPOI-

HOMY JINHEHHOMY ypaBHEHUIO
A1) = tr A - o(0),
rjie tr A — caeq maTpunbl A, OTKy/a ClIeyeT, ITo
plt) = plto) - TAL)

Ota 3amedaresbHas dopmysia HasbiBaeTcs dopmysioit JInysumisg. 13 Hee

ToTdac ke caenyer, ato ecan det Y (tp) = 0, to detY(t) = 0, u ecmn
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det Y () # 0, To det Y (¢) # 0 npu 1100bIX 3HATCHUSAX .

[TogepkiemM, 9TO 9TO CBOHCTBO BBIMOJHSIETCS He Jist JIIOOOH (DyHK-
2
nuonaabHoil Matpunsl. Tak, ecm Y (t) = (i tl)’ o det Y(0) = 0,
det Y (1) =0, no det Y(2) # 0.

Matrpuiy Y (t) 6ysem Ha3bIBaTh GyHdamenmasvrot, eCiiu OHa STBIISETCS

pemenueM ypasuenust (11.2) u det Y (t9) # 0 B nekoropoit Touke .

Eciu marpuna Y (t) dymnamentanbia, TO obIiee pereHue CHCTEMBbI

(11.1) samaerca dbopmyoit
Toolt) =Y (1) = Cii(t) + ... + Coi™ (1), (11.3)

rjie ¢ — BEKTOP, COCTABJIEHHDIN 13 MPOU3BOJLHBIX KOHCTAaHT (', ... , C),.

HeficTBUTENBHO, HETPY/HO HPOBEPHUTD, UTO HPHU JIIOOOM BeKTOpE € (Hop-
Mysa (11.3) maer pernenue CHCTEMBbL:
dy(t)

7:Y(t).5’:A~Y(t>-E’ZAy—’(t)

C sipyroit cropotbl, ecsiu nocrasuThb Jist cucrembl (11.1) 3agady Korm
y(to) = yo, 1o u3 pasencrsa Yy = Y (fp) - € B CUJly HEBBIPOXKJIEHHOCTH MaT-

putbr Y (t9) MoxknO onpeennTs snadenne ¢ = Y 1(tg) - 7.

Takum obpazom, popmysa (11.3) npu nojxoseM Habope KOHCTAHT JlaeT
perrrenne Jir00oit 3aa4an Kormu. CregoBarenbho, ata hopMmysia JefcTBUTE -

HO omuchiBaeT obmiee perenue cucreMor (11.1).

13 cka3aHHOrO BRIME Cieiyer, aro pemtenns §1(t), ..., 7" (t) obpasyior
6a3uC B MPOCTPAHCTRE pEIIeHnil, eClii B HEKOTOPOH TOYKe fg YMCIOBbIe BEK-
Topst §(tg), ... , ™ (to) muneiino nesapucumpl. JpyruMu cioBamu, cro6Ibl

dyHIaMeHTaIbHOI MaTPHUILI 00Pa3yoT 0Aa31C B IIPOCTPAHCTBE pEIeHuil cu-

crembr (OCP).

Paccmorpum paznuunbie criocobbl nocrpoenns @CP cucrembl o1HOPO -

HBIX JIMHEHHBIN ypaBHEHUI ¢ MOCTOAHHBIMU KO (DUIIMEHTAMH.
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Meer MecTO cleayionee 3aMedaTeJbHOe YTBEPXKIACHUE: €CIH BEKTOD-
dbyukuus y(t) sBasercs pemennem cucrembr (11.1), To Kax/as ee KOM-
nonenrta y;(t) yJOBJIETBOPsieT OJJHOPOJHOMY JIMHEHHOMY YDPABHEHUIO C 10~

CTOSAHHBIMU KOI(PPUITUECHTAMU, UMEIOIIEMY XapaKTePUCTUICCKUl MHOTOUJICH

Py(\) = det (A . )\E).

OCHOBBIBaASICH Ha 9TOM yTBEPXKIEHUN, MOYKHO MPEJIOKHATEH aJTOPUTM 0~

T = anx + apy
CTPOEHNUS OOITIETO PEIICHUS J1JIS CUCTEM BTOPOTO HOPSIKA,

Y = a91T + ay.

1. HajiTn KopHEM XapaKTepUCTUIECKOTO MHOTOUIECHA
P,(\) = det (A _ AE) = A2 trA-A+det A

3mech tr A — coiest Mmarpuiel A, To ecthb (a1 + ags).

2. Boibpars jiiobyto kommnonenty (z(t) uim y(t)) u 3ammcaThb Jis Hee

o01Iiee perreHne 3TOro ypaBHeHUs.
3. Haiit BTOpPYy10 KOMIIOHEHTY, UCTIOJB3Ysl OJIHO U3 YPaBHEHWI CUCTEMDI.
4. Banucarh OTBET B MATPUIHOM MJIM BEKTOPHOM BH/IE.

[TpousmrocTpupyem ckazaHHoOe.

rT=2r+y
IIpumep 1. Haiitu obiiee perenne CuCTEMbI
y = 3z + 4y.
2 1
Marpuna cucremnr A = 3 4

Py(A\) = A\? — 6\ + 5. Kopnu storo Muorodsiena A\; = 1, Ay = 5.
O61iee pemtenue coorsercrsyiomero ypasuenus z(t) = Cret + Coe,

3 ieporo ypasHenus cucteMbl y = & — 20 = —Che! + 3Cye’.

x(t) e’ e e’ _ el et Ch
y(t) —e! ?\ 32 —et 3™ ) \ Oy
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T=x+y
y = —2x + 3y.

ITpumep 2. Haiitu obiee perienue cucreMbl

1 1
Marpuna cucrembr A = .
-2 3
Py(\) = A\? — 4\ + 5. Kophu sroro Muorousena Ao = 2 + 4.

O61iee perenne COoTBETCTBYONIEr0 yPaBHEeH st
z(t) = Cre*' sint + Cye? cost.
3 1epBoro ypaBHeHHsT CHCTEMbI HAXOIIM

y(t) =@ —x = Cre*(sint + cost) + Cye* (cost — sint).

x(t) _cet | sint LGy cost. _
y(t) sint + cost cost —sint

o sint cost Ch
=
sint + cost cost —sint Cs

OnucaHHbIl TPUEM MBI HA30BEM MEMOJoM UcKkA0erus. Jas cucrem BTO-
POTO TOPSIJIKA OH SBJISIETCS YHUBEPCAIbHBIM. [lIsT crcTeMbl TpeThero mopsiaka
METO]T UCKJTIOUEHUsT pabOTaeT, €CJIM B CUCTEME eCTh YpaBHEHUe, CoeprKallee
TOJTLKO JIB€ HEU3BECTHBIE (PYHKIINU. DTO TMO3BOJISET HA TPETHEM Iare aJro-

pPUTMa BBIPpa3UTb OJHY KOMIIOHEHTY 4Ye€pe3 JIPYyIrylo.

(
rT=x—2y— =2

IIpumep 3. HaiiTu obiiee perienne CUCTeMbl § § = —x + y + 2

Z=x—Z.

Marpuna cucrembr A = | -1 1 1
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1-x -2 -1
Ps(A)=det| -1 1-X 1 ==X+ 22+ 2\
1 0 —1-2

Kopnu sToro muorowiena Ay = 0, Ag = 2, \3 = —1.

[ToCKOIBKY TpPEThe ypaBHEHWE COMEP:KUT TOJLKO (PYHKINW T U 2, TO,
3Hag 2z, U3 HEro JIeKO BOCCTAHOBUTL T. 1lodTOMy HauunaeMm ¢ (byHKIUH
2 =C1 + Cye® 4+ Cyet. Torna x = 2 + 2 = Cy + 3Cse?.

Hakoner, n3 mepBoro ypaBHEeHUsT HAXO UM

y=0,5(x — 2z — &) = —2Ce* — 0,5C3e".

x(t) 1 3 0
y(t) =C1 |10 +C5 | -2 e?t + 5 —0,5 el =
2(t) 1 1 1
1 3€2t 0 01
=10 —2e? —0,5e! Cy | U
1 e e ! Cs

SaMeuaHue: XapaKTePUCTHIECKUIH MHOTOUIEH MOXKHO HaiTH 110 hpopmyJie

Py(N) = det (A - /\E) = ANt AN

. ( ai; a2 ai; a3 a2 (23 ) A4 det A
a21 22 azp ass azz as3
(
Y1 =142
. Y2 = Y3
ITpumep 4. Haiitu obiee perienue cucreMbl <
Y3 = Y4
Yy = Y1
\
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Marpuna cucrembr A =

= o O O
o o o
S O = O
o = O O

Xapakrepucruueckuii Muorownen Py(A) = A — 1.

Kopnn xapakTepiucrunieckoro MHOrowieHa Ao = £1, A3y = +i.
1 = Chel + Cye™ ! + Cysint 4+ Cy cost,

ys = 11 = Cre! — Cre™t 4+ Cycost — Cysint,

y3 = 1o = Cre! + Cre™ — Oy sint — Cy cost,

yy = 13 = Cre — Oye™! — C3cost + Oy sint.

y1(t) 1 1 sint cost

t 1 —1 cost —sint
y2( ) = (] el + Yy e ! + (5 ) + Cy L]
y3(t) 1 1 —sint —cost
ya(t) 1 -1 — cost sin ¢

Kak Mbl BUJIeJIH, €CJIU A — KOPHU XapaKTePUCTUICCKOIO MHOTOUJIEHA —
ABJISAIOTCA BEIECCTBEHHBIMHU YMCJIAMU, TO YaCTHBIE PEIIeHUs CUCTEM HMEIOT

Bug §j(t) = i - eM, rie @ — HeKOTOpLIil YMCIOBOM BEKTOP.

A a0 ecm onpobOBATEL Cpa3y MCKATH JYACTHBLIE PEIIeHUs] B TAKOM BUE”!

A At

Honcrasnas Gyukmuo ¢(t) = @ - eM B ypasuenue (11.1) u cokpamast na e

MbI 10J1yYuM ypaHenune A\ = A, nin (A — AE Jud = 0.

DTO O3HATAET, UTO A SIBJISTETCSI COOCTBEHHBIM UUCJIOM, & U — COOTBETCTBY-

IOIIUM €My COOCTBEHHBIM BEKTOPOM MaTpHITHI A.

Ecnu marpuiia A uMeer IpocTyio CTPYKTYPY, TO €CTh Y Hee 1 BEIeCTBEeH-
HBIX COOCTBEHHBIX YHCET A; (C yIETOM WX KPATHOCTH) U 7 COOTBETCTBYOIIUX
ITUM UMCJIAM JIMHEAHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB U1, TO 0bliee

perienue 3TO CUCTEMbl UMeeT BU/L
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Foo(t) = CLiflleM 4 ..+ Gl

VMmenHno Takyio CTpYKTypy HMeJa MaTpulla B PacCMOTPEHHOM IpuMepe 3.

1
[Tposepwre, ato | 0 | siBysiercst cOOCTBEHHBIM BEKTOPOM, COOTBETCTBYOIIAM
1
3
cobcrBennoMy 3HaueHuio Ay = 0, | —2 | — cOOCTBEHHBIM BEKTOPOM, COOT-
1
0
BETCTBYIONUM Ay = 2, | —0,5 | — cOOCTBEHHBIM BEKTOPOM, COOTBETCTBYIO-
1

M A3 = —1.

Ecnu marpuiia A nmeer ofHOKpaTHOE COOCTBEHHOE TUCTO A = o+ i3 (u
CJIEJIOBATEIILHO, COIPSKEHHOE K HeMy A\ = av—if3), TO Jiist IOCTPOCHUsI BEllle-
crBennoit ®CP cieyer cravasia HaiTH KOMILIEKCHBIH COOCTBEHHBIN BEKTOP

W = U + 10U, oTBeYAi A = o + i3, ¥ MOJIYIUTH KOMILJIEKCHOE PeIleHne
we = (i@ 4 i0)el T = | (i cos ft — Usin ft) + i(@sin Bt + T cos Bt)} :

JeiicTBuTe/ibHas 1 MHUMAas 4aCTU TOr0 PerieHus OyyT Tak»Ke 4acTHbIMU

pererusiMu cucreMbl (11.1), ipudem JMHEIHO HE3aBUCHMbBIMH.

)
T=T—Y—=Z

IIpumep 5. HaiiTu obiiee penienne cucreMbl § ¢ = x + y

z2=3x+ z.
\
1 -1 -1
Marpuna cucrevt A= 11 1 0
3 0 1

Py()) = det (A - AE) — (A= 1)(\2 =2\ +5).
Kopnn sroro muorousnena A\; = 1, A\y3 = 1 &£ 24.

Haitjilem cobcTBennblit BeKTOp, oTBevatonuii Ay = 1 u3 ypaBHeHus
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(A-2E)7=0:
0 —1 —1 U1 0
1 0 0 “lu | =10 = u; =0, us +ug =0.
3 0 0 Us 0
0 0
Hampumep, MOXKHO B3TH U = 1 |, u monmyuurs perenue 1 | e
—1 —1
21
HaJjiee, 3nadennio Ao = 1+ 27 orBedaeT cOOCTBEHHbIR BeKTOp W = | 1
3
CunenoBaresibHO, (DYHKIIMA
21 —2sin 2t 2cos 2t
we T2t = [ 1 | e'(cos2t +isin2t) =e' | cos2t | +ie' | sin2t
3 3cos 2t 3sin 2t

ABJIACTCA KOMIIJNICKCHO3HAYHbBIM PEIIEHUEM CUCTEMDI.

OTZLGHHH €€ BCIIECTBECHHYIO U MHUMYIO 9aCTH, I1IO0JIy9a€M JIBa BCIIIECTBCH-

—2sin 2t 2cos 2t
HBIX perienust: e cos 2t uel | sin2t
3 cos 2t 3sin 2t

CocTaBUM 13 TOJIYUYEHHBIX PEIICHUH MaTpPHUILy

0 —2sin2t 2cos2t
Yi(t)=¢€"| 1 cos2t sin2t
—1 3cos2t 3sin2t

0 0 2
Tak kak det Y1(0) =det | 1 1 0| # 0, vo 310 dyHjamenraibaasi
-1 3 0

MaTpHUIla, ¥ 3HAYUT, Mbl HAILIU O0A3KC B IPOCTPAHCTBE PEIICHHII.
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3aMeTuM, 4TO JJIsI PACCMATPUBAEMON CUCTEMblI YPaBHEHUI JIETKO MOXKHO

HOJIYUYUTh Da3uc MeTojloM UcKJtodeHus. Hanpumep, 1mojioxun
z = Ore' + e'(Cysin 2t + C3 cos 2t),
U3 TPEThero ypaBHEHUS HAXOIUM
r=(2—2)/3 =2e"(Cysin 2t — C3cos 2t)/3.
Haxowerr, u3 mepBoro ypaBHeHUs
y = —Che' + e'(Cysin 2t + C3 cos 2t) /3.
3anucaB MoJIydeHHbIE PeIleHus B MATPUIHOM BU/IE:

(1) 0 Zcos2t —ssin2t) (€

t 1

yit) | =€ | -1 gsin2t %COSQt Cy |,

Z(t) 1 sin 2t cos 2t Cs

MBI IIPUJIEM K JIpyroii pyHIaMeHTaJbHO! MaTpuIe

0 % cos 2t —§ sin 2t
Yo(t) =e" | -1 3 sin 2t % cos 2t
1 sin 2t cos 2t

Biipouewm, Jjierko 3aMeTuTh, 4To 00e (pyHaMeHTaJbHbIe MATPUILbI COCTO-
SIT U3 MPOTIOPIIMOHABHBIX CTOJIOIOB, KOTOPHIE OTJINYIAIOTCS JINTIH TTOPSTTKOM.
Boob1mie, siobbie jiBe pyHIaMeHTaJIbHbIE MATPHUIIBI OJIHON U TOM YKe CUCTEeMbI
ypaBHeHuii cBazanbl coorHomnerneM Yo(t) = Y1(t) - B, rie B — HeBbIpoxk-

JIeHHas 4YuCcJa0Bas MaTpPUIla Iepexo/ia.

[TockobKy ¢yHaMeHTaJbHbIe MaTPHUIbl 0OpaTUMBbI [IPH JIFOOOM 3HaUe-

nun t, maiitu Marpuiy B Moo o dopmyne B = Y[ 1(0) - Yo(0).
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-1 0 0
B namem npumepe B=1 0 0 1/3| O
0 1/3 0

B zakjouenre HallOMHUM, 9TO MbI PACCMATPUBAJIN TOJIHLKO MATPHIILI IIPO-
CTOI CTPYKTYPBI, OCTABUB OTKPBITLIM BOIPOC O TOM, KaK HaUTH (DyHIaMEH-
rasbiyto Marpuily (PCP) B Gosiee citoKHBIX Cilydasix, HAPUMED, €CJIU Xa-
PAKTEPUCTUUCCKUIT MHOTOUJICH MMEET KPATHDIA KOPEHb, HO YMCJIO COOTBET-
CTBYIOINMX COOCTBEHHBIX BEKTOPOB MEHbIIE er0 KPaTHOCTH (TO ecTh ajredpa-
MYIeCKast KPATHOCTb KOPHST OOJIBITE ero reoMeTprieckoil kparnocrn). Kpome
TOro, HaJIO ellle HAYUUThCs aJrebpanvdecKuMU CPeJICTBAMU PACIIO3HATD, UTO

MBI CTOJIKHYJIUCH C TAKOW CATYyaIlUei.

Hpyroit criocod nocrpoennst @CP, JuIeHHbIN 3TUX HEJOCTATKOB, MbI 00-

CyJIUM Ha CJIEJIYIOIIEeM 3aHATHH.

CamocTogTenbHas padoTa

Haiitu obiiee perieHue cucremsl.

(-

Y1 =192

Jo = T =3x —
.07 2.{" y

Y3 = Y4 y=4r —vy

Ys =0

\
3 Yxazanue: \; = 1, A\g3 = =i.

T =2x—y+2z 14
Y =2+ 22 CobcTBenublit 13eKTopu7A =1+

=1

\Z:—Z::r;—l—y—z —1
(

T=2xr+y

4. Sy =2y +4z Yrkasanue: A\jp =0, A3 = 3.

Z=x—2z

\
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Jomaimasgsa padoTta

NeNe 795, 798, 802, 808.
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MarpnyuHas 3KCOOHEHTA.

Cpejiu Bcex dyHnjamentasbbix Marpull Y (1) ecTb TOJIIBKO 0jiHa, 00J1a1a-

forast ceoiicTBoM Y (0) = K, uro jiestaer ee upes3Bblvaiino y00HOI.

HeiicrBuresibHo, JiT0O0OE pelieHue CUcTeMbl % = Ay Bbipaxkaercsi depe3
dbyHamenTaibiyio marpuity 1o dpopmyie §(t) = Y (t)-C, rje ¢ — HekoTopbiii
auesIoBO# BeKTOp. Eeu nocrasuth Jiist cucrembl 3ajady Komu 4(0) = g0, To
u3 pasercTBa ) = Y (0)-¢ B cuny yenosus Y (0) = E cpasy xke nosyaaercs,
910 ¢ = 7). TakuMm obOpa3oM, pelmreHne mocraBjieHHol 3agaun Ko maercs
dbopmyuoit §(t) =Y (t) - go.

Takyto 3aMevuaTebHYI0 PYyHIAMEHTAJbHYIO MATPUILY HA3bIBAIOT MATPUU-

HOU 9KCMOHEHTO! u 00603Ha1IaroT exp(At) 1Mo aHAJOIMH CO CKAJSIPHO# (hyHK-

uueit y = e, apnsowmeiica peennem sajaun Komw § = ay, y(0) = 1.
Urak,

Y(t) =exp(At) & Y(@#)=A-Y(), Y0)=E (12.1)
MOKHO 10Ka3aTh, 4TO MATPUUYHas SKCIOHEHTa, KaKk U QpyHKuusd y = e,

pacKJIaJbIBACTCA B PsAJL 110 CTENeHAM T

2 n
exp(At) =B+ At + A o b LA (12.2)

n!
[TocmoTpuM, KaKuM 00pPa30M MOXKHO HAKTH MaTPUIHYIO KCIIOHEHTY.

IlepBolit criocodb ocHOBaH Ha TOM, 4TO JIOObIE JiBe (DyHJIaMeHTaJbHbIC

MaTPHIIbI CBSI3aHBI JPYT ¢ JApyrom coorHormerneM Yo(t) = Yi(t) - B. [o-
CTATOYHO HAUTH Kakyo-HUOYIL dyHIaMenTanbyo Marpuiy Y (f), Torma
exp(At) = Y(t) - B ¢ nekoropoii marpuneir B. Tlpu ¢t = 0 marpuunas
skcrionenta pasia B, 1o ects Y (0) - B = E, orxyja B =Y 1(0).

Takum 006pa30M, B3siB IPOU3BOJILHYTO (DyH/@MEeHTaJIbHY0 Marpuily Y (1),
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MOXKHO TIOCTPOUTH MAaTPUIHYIO SKCIIOHEHTY 110 (hOpMYJIe

exp(At) =Y (1) - Y 1(0).

1 -1 —1
ITpumep 1. Haiitu exp(At) s A= |1 1 0
3 0 1
Ha npesbityiiem ansitun (M. ipuMep 5) Mbl HAIJIM PEIeHHe CHCTeMbI
T x
y | =A |y | uee dynnamenranbayo marpuiry
z z
0 —2sin2t 2cos?2t
Y(t)=¢ | 1 cos2t sin2t
—1 3cos2t 3sin2t
CrenoBaresbHO,
-1
0 —2sin2t 2cos?2t 0 0 2
exp(At)=e'"| 1  cos2t sin2t 1 10 =
—1 3cos2t 3sin2t -1 30
0 —2sin2t 2cos2t 0 3/4 —1/4
=e' | 1 cos2t sin2t |-| O 1/4 1/4 | =
—1 3cos2t 3sin2t /2 0 0
cos 2t —0,5sin 2¢ —0,5sin 2¢

=¢e'[0,5sin2t 0,75+0,25cos2t —0,25+0,25cos2t | =
1,5sin2t —0,75+0,75cos2t 0,25+ 0,75cos2t

4 cos 2t —2sin 2t —2sin 2t
2sin2t 3 +4+cos2t —1+ cos2t
6sin2t —3 + 3cos2t 1+ 3cos2t

4

DTO 1 €CTh MaTpHuYHasd SKCIIOHEHTA.
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Bropoit cioco6. Marpuunyo 3KCIOHEHTY JIEFKO TOCTPOUTD, UCIOJIbL3YS

crenuaibHblii 6a3uc, cocrosiiui u3 GyHKIwi Yy (), ¢ KOTOPbIMU Mbl O3HA-

KOMWJINCH Ha 3aHdTuu 9.

ITyctb A1, Ao, ... , Ay, — KOpHU XapaKTE€PUCTUUYECKOI'O MHOIOYJIEHA
det (A — )\E). Eciin KopeHb KpaTHbI, TO OH BBIIKUCAH B 3TOH MOCJIEI0BA~

TEJLHOCTHU CTOJIBKO Pa3, KAKOBa ero KparHoctb. Hamomunm, aro ¢y (t) = ettt

t

Ui (t) = /6)"“+1<t_7)¢k(7')d7'. Torya
exp(Al) = Bt (1) + (A—)\lE) Ao (t) + (A—A1E> (A—)\QE) s (t) + ...
ot (A - A1E> <A - >\2E) _ (A - )\nlE> n(t) (12.3)

DTOT c11ocod 0cobeHHo 3(pPeKTUBEH B CIydae KPaTHBIX KOPHEH, MOCKOJIbKY

OH HEC Tpe6yeT BbIAACHCHUA UX FeOMeTpI/I‘{eCKOﬁ KpPpaTHOCTH.

-3 2
ITpumep 2. Haiitu exp(At) jius A = < 5 1).
Xapaxrepucruieckuii Mmuorodsen det (A—)\E) = (A+1)? umeer kopenb

A = —1 xparnocru 2. TTosromy ¥y (t) = e~ o(t) =te ' u

10 —2 2 —t— 2te? 2te!
exp(At) = et et =(° ‘ c
01 -2 2 —2te™t e ' 4 2te?

ITpumep 3. Haiitu exp(At) st marpunbl A pasmepa 2 X 2, umeronei

coOCTBEHHBIE uncia Ao = o £ 1f3.

(a+iB)t _ pla—ip)t ot o
— platip)t _ ¢ e _ e -sinfit
i) = e ) = e - 8
at - . e . sin 5t
exp(At) = E - e*(cos ft + isin 5t) + (A — (a+ Zﬁ)]g)) —=
=e“cosfBt-E + <A—aE> ea%mﬁt

sin [t

Eciu a = 0, 1o exp(At) =cosft-E+ A - 3
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Eciu 8 =0, To exp(At) = e - E + (A — aE) - te,

ITpumep 4. Haiitu exp(At) juist MaTpuiipl A | sIBISIONIEHCS XKOPIAHOBOI
(A 10 0\

0 XN 1 .

KJIETKOIi, TO €CTh nMeromeit sujg A = .00 0

Ao 1

\ 0 Yy

Marpuiia A uMeer eIMHCTBEHHOE COOCTBEHHOE UMCJIO Ay KPATHOCTH M.
tk_l

Tostomy 11 (t) = e, oy (t) = me%t, 1 < k < n. Torma

(01 0 0 (o 1 0)
01 - . 0 ..o
A~ \E = ~0] (A-nE) = 0 . 1]
0 1

\0 0/ KO 0)

(1 < k < n), (quaroHajgb W3 eJIUHUI] CMEIAETCS BIPABO), W HAKOHEI]
n
(A — )\OE> = 0. Torya no dopmyse (12.3)

n—1

2 n—1
(1 ¢ 2 . )

Aot

\0

)
rT=2r—y—=z

IIpumep 5. Haiitu obiuee perienne cucrembl { ¢ = 3z — 2y — 3z

2 =—x+y+ 2z

\
HpI/IMeHI/ITb METOJ, UCKJIIOYEeHU A IJIs1 PEIICHU A 3TOW CUCTEMbI HEBO3MOK-

Ho. IToaroMmy cpaszy mpucTynmuM K MOCTPOEHHIO MaTPUUIHON SKCIOHEHTHI.

Kopnu xapakrepucrndeckoro MHorounena Ao = 1, A3 = 0. Coorset-
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t

creenno, Y1(t) = !, o(t) = te!, Ys3(t) = /¢2(T)d7’ = te! —e' + 1. Takum
0

2
obpasom, exp(At) = E - e’ + (A — E) -tel + (A — E) (te! — et +1).

2
3amMeTnM, 9To 3/1eCh (A—E) = — (A—E) . [Tosromy 1ocjie mpuBeieHus

HO,Z[O6HI)IX CJIara€MbIX II0JIy4da€M

2et —1 —el+1 —el+1
exp(At) = A = 1)+ E=| 3¢! =3 —2e'+3 —3e'+3
—el+1 et—1 2t -1

Obiriee pelleHye CUCTEMbI MOXKHO IHOJIYUYUTh B BHJE JUHEHHONH KOMOMHA-

1UU cTOJ010B (PYHIAMEHTAJIHLHON MATPHUIIBI

2¢t — 1 —el +1 —et+1
exp(At)-c=Cy | 3! =3 | +Co | —2e! +3 | +C3 | —3e' +3
—el+1 el — 1 2et — 1

B paccmorpenHoM mnpumepe obiiee pelieHre MOXKHO ObLIO Obl 3alucaThb
LIPOILE, UCIIOJIb3Ysi COOCTBEHHbBIE BEKTOPbI. XOTs cOOCTBEHHOE 3HaYeHne A = 1
uMeeT KpPaTHOCTh 2, HO PAaHI' MaTPUILbI (A — E) pasen 1. CiemoBarenbHO,
3HAYEHUI0O A = 1 COOTBETCTBYeT JBa JIMHEHHO HE3aBUCHMBIX COOCTBEHHBIX
BeKTOpa, u Marpura A umeer HaOOP JIMHEHHO HE3aBUCUMBIX COOCTBEHHBIX

BEKTOPOB, 0bpasyromux 6asuc B R3. Haiinem ux.

sS4

= 3 ,

S
A9
|

=
o
|

—_ O =

CnenoBarebHo, (pyHIaMeHTaIbHAST MATPUIIA, CUCTEMbI UMEeT BU/I

1 el
Y(t)=| 3 e 0
o

Jlerko BujeThb, 9TO B CTOJIOIAX MATPUUHONW DKCIOHEHTHI CTOSAT JIMHEHHBIE



Sangarue 12 33

KOMOWHAITMH CTOJOIOB MATpuIibl Y (t), HApuMeD,

2et — 1
30t 3 | = _g’[l] + 3g[2] _ g’[3]’
—el +1

aro ere pa3 uwitocrpupyer dhopmyny exp(At) = Y (¢) - B.

(
T=2r—y—=z

ITpumep 6. Haiitu obiiee penienue cucrembl § § = 2z — y — 2z

2 =—x+y+2z
\

B nannom ciaydae A\j23 = 1, 1 Mbl He OyjieM MCKaTbh COOCTBEHHBIE BEKTO-

PbI, & cpa3y mepeiijieM K MOCTPOEHUI0 MATPUIHON SKCITOHEHTHI.

Yi(t) =€, Po(t) = te', Ys(t) = Fe'.

2 42
exp(At):E-e“r(A—E) -te“r(A—E) Lt

2
2
) 1 -1 -1
[Tockonmbky <A — E) =12 -2 —-2| =0,70

-1 1 1
el +te!  —tel —tet
exp(At) = | 2te! el —2te! —2té

—tet te! el + te!

Kax BujuM, B cilyuae KpaTHbIX KOPHEH YaCTHBbIC PELIeHUs MOTYT UMETD
Py(t)

BUJ| : - eM, rue Pi(t) — MHOroWIeHbl, cTeneHb KOTOPLIX MeHbIIe
Po(t)

WJIA paBHA KPATHOCTU COOCTBEHHOIO YHCJIA, 4 B HEKOTOPBLIX CIyUYasiX, Kak

B 1puMmepe b, paBHa HyJi0. KakoBa 5Ta crenenb — 3aBUCAT OT MaTPHIlbl A,

HO «yMHas» Gopmysa (12.3) usbapisier Hac 0T HEOOXOJMMOCTH U3ydaTh ee

CTPYKTYDPY.

Tperuit criocod. st nocrpoenust MaTpUuiHONR SKCIOHEHTHI UCIOJIb3YEeM
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MaTpudHbIil psi (12.2).

IIpumep 7. Ilyctb A — Marpuiia Tperbero mopsijka, UMerolas Xapak-
tepucriueckuit Muorouner \> — A\ = 0. ITo teopeme Kamu mobas maTpuna,
VJIOBJIETBOPSIET CBOEMY XapaKTEPUCTUIECKOMY yPaBHEHUIO, TO ectb A3 = A.

Orcioja sierko Haiiti Bee crenenn Marpuisl A: A* = A3 . A = A?
A5 = A3 = A u rak nasee. Urtak, A?" = A2 A?*1 = A Torna

VAR o (12 4
exp(At) :E-l-A(t-l-g—l—a-l-...) + A (g-l-g-l-) =
=E + Asht+ A*(cht —1).
BameruM, 4To paBeHcTBO A3 = A He 03HAUAET, YTO HOPSJIOK MATPHUIbI Pa-
BEeH TpeM — cobcTreHHbie 3HaueHns Ay = 0, Ads = 1, A3 = —1 moryT ObIThH

BBICOKOII KpaTHOCTH. TeM He MeHee, MoJydeHHas (popMyJia MATPUIHON IKC-

ITIOHEHTBI OCTaeTCA CHpaBe,ZLJII/IBOﬁ .

Yerweproiit criocod. Ecim marpuiia A umeer OJI09HO-MATOHAJILHYIO

Ay 0
CTPYKTYPY A = A, , TO
0 Aj
exp(Aqt) 0
exp(At) = exp(Ast)
0 exp(Ast)
A 0
A2
B uacrHocru, eciaun marpuna A jumaronaibaa: A = . :
0 An
ettt 0
ot

10 exp(At) =
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Wnorma 6ji09Hasg IpUpPOa MaTPUILI HE CTOJIL OUEBHJHA, TeM He MeHee
MOXKHO BOCIIOJIb30BAThCsl JIAHHBIM CIIOCOOOM IHOCTPOEHMSI MaTPUIHON IKCIIO-

HEHTDBI.

ITpumep 8. Paccmorpum cucremy ¢ marpuiieit

(10 0 0 4)
02 0 10
A=]0 0 -10
00 0 20
10 0 0 1)

BrInuiinemM cooTBETCTBYIONIYIO cucTeMy Jud hepeHnuaabHbIX yYpaBHEeHU:

f?Jl =1+ 4ys
Yo =2y2 + s
N Y3 = —Ys3
Ys = 2y4
\?)5 =~ t+Ys

Ona pacnajaercs Ha TPHU IOJICUCTEMbI:

U1 =vy1 +4ys . Y2 = 2y + Y4
. ) Ys = —Uys, ]
Us = —y1+ s Yy = 2y

1 4 2 1
Coorsercrenno, Ay = , Ay = ( — 1), A; = :
-1 1 0 2

Haiiiem MaTpuaHyio SKCIOHEHTY JIJId KaKI0i MOJACUCTEMBL.

' 0 4 2t 2sin2t
exp(Art) = ¢ cos 2B + el 222! Y sin2)
2 -1 0 —0,5sin2t cos 2t

11
exp(Agt) = e~ !, exp(Ast) =¥ (O 1>.

Tenepb OCTaJIOCh «pa3HECTHU» 3TU 010K Ha, COOTBETCTBYIOIIKXE MECTa MaT-

puibl exp(At). Urak,
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( el cos 2t 0 0 0 2e'sin Qt\

0 e 0 te* 0
exp(At) = 0 0 e’ 0 0
0 0 0 e 0

K—O,5etsin2t 0 0 0 etCOSQt)

[Tsirbiit ciocob. Ecau marpuiist Ay n Ay 1oo0HbBI, TO €CTh CyIIECTBY-
er Takas HeBRIpOKeHHas Martpuna T, uto A; = T - Ay - T 10

exp(Aqt) = T -exp(Aqt) - T71.

Ecim marpuiia A umeer mpocTyio CTPYKTYPY, & MMEHHO, y Hee eCTh 1
BEIIECTBEHHBIX COOCTBEHHBIX YUCE A1, Ao, ... , Ay, U N JIUHEHHO HE3aBUCUMbIX
cobersennbix Bekropos @, @ ... @™ To Takyio MaTpuIy MOXKHO IpuBeCTH

K JUaroHaJIbHOMY BUIY

1pu oMot Marpuibl T, B cTosibiiax KOToOpoit cTosiT COOCTBEHHbIE BEKTOPbI

atl, .

U n]

, @ marpuisr A

et 0

Aot
Torja exp(At) =T - ' -T L

0 ent

Jlerko BujieTb, 4T0 MarTpuia,

€>\2t
Y(t)=T- | — [ el

e/\ntl—[/’[n]>
0 eAnt

apiisercs yngamentanbhoil, u exp(At) = Y (¢) - B, e B =T~ — nesbi-

POXKJIEHHAsT MaTpUIA MTePEeXOJIa.
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B kypce nnHeitHON aaredpbl TI0KA3bIBAETCs, UTO JI00asd MaTPHUIA TOJ00HA
TaK Ha3bIBAEMOI »KOPJ1aHOBOI (dopme, TO ecTb OJOYHO-/IMArOHAJIBHON MaT-
pulle, KaxK/iblit 6JIOK KOTOPO# sIBJISIETCsT XKOPAaHOBO# KjieTKoil. Marpuunyro
9KCTIOHEHTY JIJIsT YKOPAAHOBOM KJIETKU MBI TIOJIYIUJIA B IpUMepe 4, NCTOJIb3Y S

dbyuxrmn Yy (t). MoxuaO MpuilTét K TOMY K€ PE3yJIbTaTy JAPYTUM IIyTEM.

A 1 0
3aMeTnuM, 9TO KOpJIAHOBY KJIeTKYy A = K ' ' . MOKHO IIP€/I-
0 Ao
0 1 0
craBuTh B BUjie A = ME + G, e G = ,
0 0

UzBectno, uto ecam wMarpunbl B u  C  KOMMyTHpYIOT, TO
exp (B + C)t) = exp(Bt) - exp(Ct).

Tak Kak eJIUMHUYHAS MaTpPUIa KOMMYTHDPYeT ¢ Jio0oi Marpuieit, To

exp ((ME + G)t) = eM'E - exp(Gt) .

Hauee, 1o dpopmyite (12.2)
g 12 Rt
eXp(Gt):E—f-G't—l—G'E—f—...—f-G 'H—f‘...,

no tak kKak G¥ = 0 mpu k > n, TO psi IPEBPAIIACTCS B KOHETHYIO CYMMY:

t2
exp(Gt) =E+G -t +G* 5+ .. + G- —— =
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Taxum oOpa3oM, Mbl IPHUIILIN K Y2Ke U3BECTHON HaM (opMmyJie

(1 + 2 \

exp(At) = el

\0 /

Kak BujiuM, MaTpudHasi S9KCIOHEHTa, JIJIsl XKOPJAHOBON KJIETKU CTPOUTCS
JIETKO, OJIHAKO AJIPOPUTM IIPUBEJICHUsT MATPUIIBI K »KOP/aHoBoil hopme (oco-
OEHHO B cJlydae KPaTHBIX COOCTBEHHBIX YHCEJI) JIOCTATOYHO CJIOXKeH. [1oaro-
MY JIJIsl IOCTPOEHUS MATPUIHOM SKCIIOHEHTHI MbI pEKOMEH/TyeM HCI0JIb30BaTh

npyrue, 6ojee 3 peKTUBHBIE IPUEMbI.

CamocTogTenbHas padoTa

Haiitu marpuunyio skcionenry exp(At).

1. Marpuia A rtakosa, uro A? = —E.

020 Ykazanue: Haijure PyHAMEHTAJIbHYIO MaTPUILY
2.A=11 0 1]|. werogom uckiouenns (A = 0, Aog = £2). Orser
020 ocrapbre B BUje exp(At) =Y (t) - Y 1(0).

000
3.A=100

100

-1 0 0 O
4,A:0_100

1 0 -1 0

0o 1 0 -1
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[1 001 0 0)
0 000 0 0
A 002000
1001 0 0
0 000 0 2
L0 000 -8 0)

JlomamntHssgs pabota

Haittu marpuanyto skcrionenty NeNe 853, 864, 866, 874.
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Heomnopoauble JInHEliHbIE YpaBHEHUA 1

CCTEMBbI.

PaccmoTpum cucrtemy HEOTHOPOIHDBIX JTUHEHHBIX YpaBHEHMI

—

y=Ay+ f(b), (13.1)

—

rie A — kBajparTHas MaTpuia nopsaka n, f(t) — mpou3BoJibHAST BEKTOD-

dyHKIHSA.

Obiree pertierne 3Toi CUCTEMBI TIPEICTABUMO B BUJIE

rJ1e i o.0.(t) — OOlEE perierne OJIHOPOHON CUCTEeMbI, ¥ ¢y (1) — dacrHOE pe-
IeHre HeoJ[HOPOJLHOM crcTeMbl. Takasi CTPYKTypa pelieHus ABJseTcs Mpsi-

MbIM CJIeJJCTBHUEM JUHENHOCTU CUCTEMBI.

Mpbr 3HaeMm, 4TO perieHne OJIHOPOJIHON CUCTEMbI MOXKHO IPEJICTAaBUTh B

BUJIE

rie Y (1) — dbymgaMenTaibHasg MaTpUIa, cToa0IbI KOTOPO SIBJSIFOTCS JIU-

HEeMHO HE3aBUCUMBIMU PEIEHUAM ITON CUCTEMBI.

OOIUM MeTO/IOM HAXOKJICHUsI YaCTHOI'O PeIleHnsT HeOJIHOPOSHON cucTe-
MBI SBJISIETCS «MEeTOJI BapUAIUU IOCTOsIHHONWY. OH 3aKII09aeTCsa B TOM, UTO

JaCTHOE pelIeHne CTpoOuTCdA B BUJE

[Togcrapsist 970 BhIpazkenue B ypasuenue (13.1), mogyanm
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—

Y(t)-@t)+Y(t)-Et)=A-Y(t)-&t)+ f(t).

Vuursisas, 410 Y (t) = A - Y (t), IPUXOAUM K yPABHEHUIO

—

Y (1) - ét) = fo).

[Tockosbky Y (t) — dbyHIaMeHTaIbHAS MATPHIA, OHA 0OpATHMA MTPU JIOOOM

3Ha4YCHUU t, n cjaeJg0oBaTeJIbHO

—

)y =Y1t) - f(b), (13.2)

OTKY/Ia MbI ¥ OMpeJIesisieM BeKTOP-(GYHKINIO C(t), UHTErPUPYsT KAXKIYI0 KOM-

nonenry sekropa Y L(t) - f(¢).

C TOuKM 3peHHsI TeOpHH, caMas yao0Has n3 PyHIAMEHTAJIbLHBIX MATPHUII

— MarpuuHas skcionerta. [lomumo roro, uro exp(At) = E, ona Jsierko

obpamaercs: | exp(At)] o exp(—At). [Tosromy pasymuo B kauectse Y ()
BBIOMPATH MATPUIHYIO IKCIIOHEHTY, €CJIU €€ JIETKO MOCTPOUTD (HampuMmep, B
cllydae KPaTHBIX KOPHEit).

T =1y -+sint

ITpumep 1. Haiitu obiee perienue cucreMbl
Y= —2x.

0

3iecs A = (

[To Teopeme Kajin marpuiia A yjioBjaeTBOpsieT CBOEMY XapaKTepPUCTUIECKO-

1
0), xapakTepucruiecknit muorousnen P(\) = A2 + 1.

My ypasrenuio, To ectb A2 = —E. Ha npomiom 3aHATHH Mbl TOCTPONIIHN

MAaTPUYIHYIO 3IKCIIOHEHTY JIJIZl TaKOT'O CJIy4asd:

cost sint
exp(At) = Ecost + Asint = . :
—sint cost

Torma obiee perenne OHOPOIHON CUCTEMbBI UMEET BUJ

x(t)\ [ cost sint 4
y(t)]  \ —sint cost o)
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Kak 6b110 orMeueno Bbiie, [ exp(At)] = exp(—At), To ecTh

1
cost sint [ cos t —sint
—sint cost N sint cost |

Torma o dbopmyse (13.2)

- cost —sint st cost -sint
at)y=1{ . : = .y :
sint cost 0 sin“ ¢
Ci(t) cost - sint Ci(t) 0,5sin’ ¢
Urak, | . = ) , OTKY/Ia = :
Cs(t) sin“t Cy (1) 0,5t — 0,25sin 2¢

(MbI mmem gactroe pemtenne, mosromy B Kadectse C(t) u Co(t) MoKHO

BBIOpATH JIFOObIE U3 TTePBOOOPA3HBIX ).

Wrak, qacTHOE pelneHne HeOTHOPOIHON CHCTEMBI:

Tau(t)) [ cost sint 0,5sin?t 1 tsin’t
Y (1) —sint cost/ \ 0,5t —0,25sin 2t 2 \tcost —sint /)’
Bamnuniiem o0Iee perenne HeoJHOPOIHONR CHCTEMDI:

x(t) = Cycost + Cysint + 0, bt sint
y(t) = —Cysint + Cycost + 0,5t cost — 0, 5sint.

[Tocsie Toro, kak HaitjileHo ollee pellieHne, MOXKHO peluThb 3aja4y Ko, Ha-
npuMep, ecau TpedOBAJIOCh HANTH pelleHure, yA0BIETBOPAIONee HadaJ bHbIM
yenosusiv x(0) = 1, y(0) = 0, o, nogcrasysis t = 0 B Gopmyay obiero pe-
mrenus, HaxoguMm Cp = 1, Cy = 0. CresoBaTesibHO, pelieHne MoCTaBJIeHHON

x(t) = cost + 0,5tsint
3a1aun Kot U]
y(t) = —1,5sint + 0, 5t cos t.
Mcnonb3yst MATPpUYHYIO SKCIOHEHTY, BBINUIIEM OOILyI0 (hOPMYyJy pelie-

nust sanadn Komw ¢ = Ay + f(t), 7(0) = to:
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—

(t) = exp(A) - o + exp(At) - [ exp(—A7)f(r) dr

(Cpasuure 51y dopmyiy ¢ Gopmysnoil perenus 3ajgaun Ko jyist ypashe-

HUST TIEPBOTO TOPSIJIKA, KOTOPYIO MbI MOJYYUJIN Ha TPEThEM 3aHSTHH. )

.
rT=x—2y— =2

IIpumep 2. Haiitu obiiee penienne cucreMbl § 4§ = —x +y + 2 + €'

Z=1x—2z+3e7t.

\
Ha zansttuu 11 mbl Hanim QyHjaMeHTaIbHYI0 MaTPUILY 9TONH CUCTEMbI

(em. pumep 3):

3%t 0
Y(t)=10 —2e% —e!
1 e? 2t

DTO He MATpUUHAS FKCIOHEHTA, TTOCKOIbKY Y (0) # E.

Metos Bapuanuy nNpuBeieT HAC K CUCTEMe, KOTOPYIO MOYKHO PEIIUTh, Ha-

npumep, MeTojioM [aycca:

(. : (.
Cy+3e*Cy =0 Cy=¢e +1,5et
. . . 1
§ —2e%Cy — e 10y = €t = Oy = —ge_t — 0, 5e 3
\Cl + 62t02 + 267t03 = 3€7t, \Cg = —§€2t + 1.
(
Ci=el—1,5et
UnTerpupys atn ypaBHeHusd, noaydaeM { Cy = %e—t 1 ée—?’t
1
\Cg = —66% + t

CutejioBaTe/IbHO, 9aCTHOE PEIIeHUe HEOHOPOIHON CUCTeMbl

T 1 3e2 el —1,5e7" 2et — et
" - 1, 1, 1 B
Yuu | = [0 —2e* —e T | [ge "+ e | = | —0,5¢" — ze7f —te!

_ 1 4
Zun. 1 e 2! —ge% +t el — ge_t + et
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Obrriee perrenne HEOTHOPOIHON CUCTEMDI:

x 1 3e* 0 C} 2 —1 )
yl =10 -2 —t||Cy| +|—-0,5] €+ |-t —§ e
2 1 e 2! Cs 1 o _ =

Kaxk BUIWM, 9aCTHOE€ PEIICHNE CUCTEMbI ITPEJCTAaBJIECHO B BUJAE CYMMbI JIBYX

dyuknuit. [lepBasi siBJisieTcsi 4aCTHBIM PEIIEHUEM CUCTEMbI

J=A7+ 1] ¢, (13.3)

0
y=Ag+ 0] e (13.4)
3

ByjieM roBopuTh, 4ro 1paBasi 4acrTh CUCTEMbl UMEET CTEYyUaibhbill 6ud,
ecin f(t) = P, (t)-e*, rie P, () — BekTop-byHKIMsT, Kaxk/1as KOMIOHEHTa

KOTOpOﬁ ABJIACTCA MHOT'OYJIEHOM CTECIIEHU HE BLIIIC 777.

YacrHoe pemenne B TaKOM CJiiydae CJeayeT UCKaThb B BHJIC

gq.H.(t) - Qm+p(t) : e)\ot7

e Quip(t) — BekTOp-bYyHKIMS, KaxK/as KOMIOHEHTa KOTOPOW sIBJISETCs
MHOTOUJIEHOM crereHun m + p. Ecian g — He KOpeHb XapaKTepuCTuIecKOro
MHOTOUIeHa, TO p = 0, ecim Ke \g — KOpPEeHb XapaKTepUCTHIECKOrO MHO-
rowiena kparHoctu k, To p = k. Koaddurnuenrsbl 3TUX MHOMOYJICHOB HEU3-

oot

BECTHBI, HO UX MOXKHO HaiTH, 0/cTaBuB QyHKINIO Q,ypp (1) B UCXOJTHY IO

CUCTEMY.

Cresyst sTOMy aJropuTmy, perrerue cucrembl (13.3) cieayer uckath B
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o a
uae |y | =101 - el. TlogcrasisgeM ero B CUCTEMY:
4 C
a 1 -2 -1 a 0
bl -ef=1-1 1 1 b |- e+ el
c 1 0 -1 c 0
0 —2 —1 a 0
-1 0 1 bl =1-1
1 0 -2 c 0

Orcriona a =2, b= —0,5, c = 1.

[TockosbKy A = —1 aBjsiercss KOpHEM XapaKTEPUCTUIECKOTO MHOTOYJIe-
x At + B

Ha, cucreMa (13.4) mmeer gacrnoe pemenne una |y | = | Aot + By | - €.
z Agt + Bg

B pesynbraTe Mbl TOJYIUM IPOMO3JIKYIO CHCTEMY JJIsI OIpeeeHns IeCTH
HEU3BECTHBIX, U PeIlaTh 3Ty 3aJ1a9y METOJOM HEOIpe/Ie/IeHHBIX KO3 UIm-
eHTOB y2Ke He Tak dhdexruBao. OJHAKO 3TOT METOJ IHOKA3bIBACT HAM, Ka-
KOBa JIOJIZKHA, ObITh CTPYKTYPa PelIeHusi, YTO JaeT, HallpuMep, BO3MOXKHOCTD
NPOKOHTPOJIMPOBATH MPABUJIBHOCTH BBIYUCJIEHUI METOJIOM Bapualluy MOCTO-

AHHOI, & TaKXKe OTBe4YaThb Ha HEKOTOPbIE BOIPOCHI O IMOBEJCHUN PEIICHUIA.

[

b=y +e
Bepnemcsa k nmpumepy 1. Pacemorpum cucremy
Y= —x.

HaﬁﬂeM KOMIIJIEKCHO3HAYHOE€ DpeIIeHune 9TOW CucreMbl U BbIJICJIUM €I'0

MHUMYIO 9aCTh. TakK KaK A = ¢ — KOPEeHb XapaKTePUCTUIECCKOTO ypaBHe-

5 x At+ B "
Hust A+ 1 = 0, To pelerue cjejlyeT UCKaTh B BUJIE = -e",

Y Ct+D

rie A, B, C, D — kommiekcubie uncia. [locie mogcranoBky moyvdaem:
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A+i(At+B) = (Ct+ D) +1
C +i(Ct+ D) = —(At + B).

Pemenne stoit cucremor A = 0,5, B=0,C =0,5, D = —0,5.

BbI,ZLeJIﬂeM MHUMYIO 9aCTb peliCeHuA:

t tsint
Im [1 . (cost + isin t)} _! o . :
2\it—1 2 \tcost —sint

Metosiom HeompeeeHHbIX KO(D(MUIMEHTOB MbI HOJYUMIH TO K€ YaCTHOE
peleHne, YTo ¥ METOJAOM BapHallly IIOCTOSHHBIX. BooOIe roBopsi, YacTHLIE
pelieHus, 1oJlydeHHble Pa3HbIMU CIIOCODAMM, MOI'YT OTJIMYATHCHA Ha CJlalrae-

MoOe, SIBJISIOIIEECs pelieHrueM OJIHOPOJIHOM cucrembl. [

Teneps mocMOTPHUM, KaK paboTaeT METO]I BapHAIIUK IOCTOSHHBIX JIJIS JIU-

HEHHOIO ypaBHEHUS N-HOT'O MOPSIJIKA
y ™+ ay" Y +ay" P + L+ any + any = f(2), (13.5)

rie f(x) — mpousBosbHAsT DYHKIHMS.

Beenem dyukmuu y;(x) caeayomnmm obpasoM:

=y, Yy = yla vy Yn = y(n—l)

D11 paBeHcTBa u ypasaenue (13.5) MOXKHO nepenucarb B BUJIE CHCTEMbI

(
Y=o
Y5 =Y

- e
Yno1=Yn

\y;ﬁb = —1Yn — A2Yp—1 — ... — Ap_1Y2 — apy1 + f(2),
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(w) (0 1 0 (w) ([ ©0)

0
2= 3 T (13.6)
0 .

: 1 : :
\vo)  \—an —an ~a) \u) @)

XapaKTepI/ICTI/IquKI/Iﬁ MHOI'OYJIEH CHUCTEMbI COBIaJa€T C XapaKTEpUCTHU4Ye-

CKMM MHOTIOYJIEHOM HCXOJHOrO ypasHenus (13.5):

—A 1 0
!
det(A — A\E) = =
—A 1
—a, —Q,_1 —a; — A

= (=1)"- (N"+ X" la; + ...+ ay)

Kak MbI 3HaeM, OJJHOPOHOE yPaBHEHUE UMeeT N, JIMHEHHO HEe3aBUCUMBIX pe-
mennit @;(x), u Jbdoe pererne oJHOPOHOTO YPABHEHHUsT MOXKHO PEICTa-

BUTH B BUJE UX JUHEHHON KOMOMHAINN:
y(x) =yi(x) = Cyp1(x) + Copa(z) + ... + C p()
Torma
ya(z) = y1'(7) = Cr i (x) + Caps() + ... + Crpr ()
yn(z) = Cr " V(@) + Co ol V(@) + o+ Cip D (w)

Takum obpazom, dyHaMeHTaIbHAs MATPUIIA OJHOPOJIHON cucTembl (13.6)

MeeT CleluaJibHbIi BU
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¥1 2 ©n

/ / /

Y(I'): 801 @2 gDn
n—1 n—1 n—1
09 L e

v HasbiBaercsd Marpureit Bporckoro, a ee onpejesurens p(x) = det Y (x) —
BPOHCKMAHOM. MBI yrkKe yImOMUHAJM, 9TO OnpeseuTess (yHJIaMenTaabHOil

MaTPHIbI Y/IOBJIETBOPAET ypaBHeHHIO JImyBuIs
p'(x) =trA-¢(z) = —a1p(z)

O1a (hopmya B JaJbHEHIIIEM 0KaXKeTCsl OUeHb MOJIE3HO.

Meros, Bapuaium Jijisi CUCTEMbI (13.6) IIPUBOJIUT HAC K COOTHOIIEHUIO

: =Y lz)-| : |. (13.7)
C(z) f(z)

Takum 0Opa3oM, METOJ, BapHalliK 3aKJII0UACTCS B CJICIYIOIIEM:
1. Haxojum obiriee perieHne oJIHOPOIHOTO ypaBHEHUSsI

Yoo () =Cro1(z) + Copo(x) + ... + Cppn().

2. Cocrapisiem marpuily BpoHckoro
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3. HacTHoe perienne HIeM B BHUJIE

Yun(2) = C1(z) p1(2) + Co(2) 92(2) + ... + Cu(2) Pn(2).

4. Haxomum dbyukrmun C;(x), uarerpupyst ypasaeaue (13.7).

5. 3anuceiBaeM obrmee perenue ypapaenns (13.5) B Buje

You(T) =Yoo (x) + Yun(z),

TJIE Y 0.0.() — 00IIIEE perieHne OHOPOTHOTO YPABHEHUST, U «q. () — dacTHOE

perienne HeOJJHOPOAHOTO YPaBHEHN .

U3 npejyiaraeMoro ajropuTMa BUJIHO, YTO MPU PEIIEHUH 3aJiad HEeT HeoO-
XOJIMMOCTH CBOJIUTH ypaBHeHUe K cucreme. MbI npojiesiaim 5To OJuH pa3 B

obIeM Bujie, 9T00bl OBLIO MOHATHO MPOUCXOXK/IeHue ycyopuit (13.7).

IIpumep 3. Haiitn obmmee pemenue ypasnenns y” + 3y’ + 2y = pr—

KophHu xapakrepucTuieckoro MHOro4jeHa Ay = —1, Ao = —2, cJjiejioBa-

TeJIbHO, 0DIIee pererHne OJHOPOIHOTO yPaBHEHWST
Yoo (r) =Cre ™ + Cye .
Wiem gacTHOE pelieHue B BUjie
Y (2) = Cr(z) e + Co(z) e,

Cocrasnsgiem Marpuily BpoHckoro un peraem cucremy

(e ) ) ()
—eTT Qe Ch(z) pr— 7

OTKY/1a
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TakuM 00pa30oM, YaCTHOE peIlIeHUe UMeeT BUJ
Yuu(z) =€ " In(l+€") + e *In(l +e*) —e ™

ITocnennee ciaaraemMoe MOXKHO BKJIIOUYUTL B 00Iee pEIIeHHe OJTHOPOIHOIO

ypaBHeHus. VTax,

You () =Cre ™ +Coe ™ + e In(l+¢e*) + e 2 In(1 +¢*). O

Mbr Hayawmiucsh crpouth OCP st imHERHBIX cucTEM U ypaBHEHUIT ¢ 110~
CTOAHHBIMU KO3 uineHTamu. B cirydae nepeMeHHbIx KoapMUuIiimeHTon npo-
recc mocrpoernst DCP He Tak mpocT, 1 MBI OOCYIUM 3TOT BOIPOC MO3JIHEE.
Opnnako, eciin @CP kakum-1160 0Opa3oM mosydeHa, To JlajbHeliinee mocTpo-
eHUe YACTHOI'O pelIeHUs] HEOTHOPOIHOTO YPABHEHUs] MJIM CUCTEMbI METOIOM
BapUaliy HUKOUM OOPA30M HE 3aBUCUT OT TOI'O, SABJIAIOTCS KOIDDUIMEHTbI

cucrembl (13.1) win ypasuenust (13.1) unciaamu uin GyHKIUsMU OT t.

[IposeMoHCTpUpYEM METO, BapHallluK JIJIs PeIleHus] ypaBHeHUs Jitjaepa.

1
IIpumep 4. Haiitu obmee pemrenne ypasrenus z2y " — 2y = 6%.

Viem perenus ofHOPOAHOTO ypasHenns B suge y(z) = . D10 npu-
BOJINT HAC K XapaKTepucTuaeckoMmy ypasaeHuio A(A — 1) — 2 = 0, kopHu

KOTOporo \; = —1, Ay = 2. Takum obpaszom,
1 2
yo.o.(x) - Cl; + C2x .
Urmem gacTHOe pellenne B BHJIE
1
Yan(x) = Cl(:z:)g + Cy(x) x>

Cocrapiisiem mMaTpuily BpoHCKOro ¥ BBIHCHIBAEM CHCTEMY yPaBHEHW Jiist
noncka C;(x):
— /
L C'i(z) 0

_i 9p /2(93) nx ( )

3
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ObpariaeM Ballle BHUMaHUe Ha MPaBYIO YacTbh 3TO# cucteMbl. Jlemgo B ToM,
YTO 1IPU CBEJIEHUU yPAaBHEHUs K CUCTEME HEeOOXO/MMO, 4T00bl KO3p duimenT
1pu crapiieil mpousBoiHoit ObL1 paen 1. [TosroMy Mbl jiesiim ypaBHeHMe Ha

2 . 6lnzx
Z° M noJiydaeM B IPaBoii 4acTu QyHKINIO —
T

Hasiee, pemas cucremy (13.8), mosmyanm

Cia) = =255 Ch(a) =257, orya

2lnx 21
2
Cl(ZC) = —111 Z, OQ(CU) = —gﬁ — 55
Takum 0b6pa3oM, HacTHOE peLIeHUEe UMEET BU/I

( ) - In® x 2Inzx 2

Bxirouas mnociejmee ciaraeMoe B o0Ilee penieHne oJJHOPOIHOIO ypaBHEHNU I,

3allillieM OTBET:
1 2 1
yo.H.(x) = CIE + 025132 — (g Inx + 1Il2 x) e

3aMeTnM, 4TO NpaBas 4acTh YpaBHEHUS Jiljiepa B PACCMOTPEHHOM TTPUMEpPE
uMeJia ClieliMaJibHbIi BUJI, 4TO 1HO3BOJISIET OJIYUYUTh PEIIeHUEe 9TOI0 ypaBHe-
HUsI METOJIOM HeolpejiesieHHbIX Koad duimenTor. Takum oOpa3oM, y Bac €CThb

BO3MOXKHOCTbH BbI60pa TOr'o MJin UHOI'0 METO/la B 3aBUCUMOCTH OT CUTYallHUN.

[

CamocTogTenbHas padoTa

el‘

"o ! =
1.y 2y" 4+ vy s
(-
r=x+
2. < Y
(i =y -+t

’

Ky:6:c+3y—et_1
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4. Haiiiure pemenne, orpaHUnueHHOE Ha, BCEll UYMCIOBOM MPAMOIi.

(
rT=T—Yy—2z

dy=a+y—5 (M=1 2 =2 X\=23)

\z':3x—|—z

5. 2%y" — 6y = bas.

JlomamntHssg paboTa

NeNe 577, 610, 827, 843, 846,



